A modern maximum-likelihood theory for
high-dimensional logistic regression

by Pragya Sur and Emmanuel J. Candés

1/11



ML inference

» Theory associated with ML estimators makes them so
appealing

> Assume iid sample y1,...,y, from fg(y)
> Unknown 6: MLE 8 maximizes /(8) = > ilog fo(yi)

» Other associated quantity of importance: expected Fisher
information
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ML inference

» Theory associated with ML estimators makes them so
appealing

> Assume iid sample y1,...,y, from fg(y)
> Unknown 6: MLE 8 maximizes /(8) = > ilog fo(yi)

» Other associated quantity of importance: expected Fisher
information

Why? Asymptotically, as n — oo

0 ~N(6,Zp")
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ML in logistic regression setting

» Logistic regression independent pairs: (y;,x;) with y; € {0,1}
and x; € RP

T
e %

ey = 1hal = /048) = 5

> 3 € RP unknown parameters: using the MLE gives
approximate pivotal quantity
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ML in logistic regression setting

» Logistic regression independent pairs: (y;,x;) with y; € {0,1}
and x; € RP

T
e %

Pr{y; = 1|x;} = p'(x]B) = o

> 3 € RP unknown parameters: using the MLE gives
approximate pivotal quantity

VI8, (3;’ - 5j) ~N(0,1)
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ML in logistic regression setting

» Logistic regression independent pairs: (y;,x;) with y; € {0,1}
and x; € RP

T
e %

Pr{y; = 1|x;} = p'(x]B) = o

> 3 € RP unknown parameters: using the MLE gives
approximate pivotal quantity

VI8, (3; - ﬁj) ~N(0,1)

LABJ ~ N(0,1) classic z test statistic
s.e.(5;)
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Bias

» Test usually of most interest is

Hoiﬁj:() HA:BJ'#O

o~

Bi
s.e.(5;)
e.g. reject when p < 0.05

and p=2[1—®(2)],z2>0

z =
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Bias

Imagine s.e. being used is biased
(deflated v < 1):

Bi

Zowe = ———2 .. bigger than should%j

V'S.€.tue( )

Imagine the estimate B is biased

ﬁ = ﬁtrue + b

xiB = X{Bun.+xb

i.e. pushes further out
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Aspect ratio asymptotics

» This paper makes the point that for logistic regression if
n — oo while p is fixed or remains small i.e. p = o(n) then 3,
and

~

bi_ ~N(0,1)
s.e.(5;)

are fine.

» However, if p/n — k as n — oo, that is p is non-negligible
compared to n, something like p = o(n'*®),0 < a < 1, then
there is bias in both the MLE and the standard error
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Example for 3

n = 4000, p = 800, simulate with 8; = 10,5 =1, ..., 100,
Bj = —10,j = 101,...,200, 8; = 0 otherwise.
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Remedy

P> To test the hypothesis

H():szo HAiﬁj#O
adjust test statistic for computing the p-value
Bi
O-*

where ¢* results from solving the non-linear system of
equations.

» One might expect the bias to creep into other inferential
activities as well. This is indeed the case, as the likelihood
ratio statistic is shown to be an adjusted x? under the null
hypothesis.
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